The decay timescales of the quasinormal modes of a massive scalar field have an intriguing behaviour: they either grow or decay with increasing angular harmonic numbers , depending on whether the mass of the scalar field is small or large. We identify the properties of the effective potential of the scalar field that leads to this behaviour and characterize it in detail. If the scalar field is non-minimally coupled, considered here, the scalar quasinormal modes will leak into the gravitational wave signal and will have decaying times that are comparable or smaller than those typical in General Relativity. Hence, these modes could be detectable in the future. Finally, we find that the anomalous behaviour in the decay timescales of quasinormal modes is present in a much larger class of models beyond a simple massive scalar field. * mlagos@kicp.uchicago.edu † pedro.ferreira@physics.ox.ac.uk ‡ oliver.tattersall@physics.ox.ac.uk 1 From the publicly available data in [16], one can check that, for any given azimuthal number m, the QNM are such that |ω I | grows with for all values of the BH's dimensionless spin a = J/M 2 .
I. INTRODUCTION
Quasi-normal modes (QNM) are the resonant decaying modes of a black hole (BH) as it settles down to its final stationary state. These modes have an infinite discrete spectrum of complex frequencies, ω = ω R + iω I , whose real part ω R determines the oscillation timescale of the modes, whereas the complex part ω I determines their exponential damping timescale (see e.g. [1] [2] [3] for reviews on QNM modes).
In General Relativity (GR), QNM are characterized solely by the mass, M, and angular momentum, J, of the black hole, the angular harmonic indices ( , m) and the degree of the harmonic overtone number n [4] . If there are additional fundamental fields present in the universe, they can affect the QNM spectrum of BHs, and hence QNM can be a powerful tool to test the properties of gravity. Indeed, while a number of tests of gravity only probe the stationary properties of the spacetime (e.g. orbiting stars around BHs [5] [6] [7] , or BH imaging [8] [9] [10] ), QNM carry information on the dynamical regime of gravity and thus provide crucial new information. In particular, in the case of a massive scalar field conformally coupled to gravity, the BH stationary solution is a Kerr metric, as in GR, while the QNM spectrum will generically be given by a linear superposition of the normal GR spectrum and the scalar field spectrum [11] . Studying this scalar field spectrum then will help understand one of the possible deviations from GR that can be tested in the future with a detection of QNM.
The QNM of a scalar field with mass µ in the presence of a Schwarzschild BH have been studied with numerical and semi-analytical methods [12] [13] [14] [15] , where it has been found that, at least for the overtone n = 0, if we have a light scalar field, then the longest-lived quasinormal modes are those with a high angular number , whereas for a heavy scalar field the longest-lived modes are those with a low angular number . To elaborate slightly, this means that for small µ, the scalar field fluctuations of the BH become fuzzier (albeit with exponentially fast decaying amplitudes) as it evolves towards its Complex QNM frequency for the cases of a massless scalar field δ = 0, for a massive scalar field with δ =0.1 and 0.5, and for Schwarzschild [3] , as a function of the angular number . We show the fundamental overtone n = 0.
final, perfectly smooth, spherically symmetric state. In contrast, for large µ, the scalar field fluctuations become smooth, with low modes dominating and eventually disappearing as the BH settles down. This peculiar result should be compared to the Schwarzschild QNM spectrum in GR (and the same behaviour can be found for Kerr 1 ), where the longest-lived modes are always the ones with lower angular number , very much as in the case of a very large µ. Indeed, this is the typical hierarchy found in physical scenarios, where more energetic modes have faster decaying rates (e.g. electrons in higher energy states in an atom have faster spontaneous decay rates to the ground state, see also examples mentioned in [17] ). The main goal of this paper will then be to analyze the origin for this "inversion" of the decay rate for small µ. We compare the behaviour of ω I for the massive scalar field and Schwarzschild in Fig. 1 . As we will show later, when δ = Mµ < 0.07 then |ω I | will decay with larger . On the other hand, we mention that the real part of the scalar QNM frequency, ω R , does monotonically increase with the angular number , as one would expect since higher angular numbers correspond to more energetic systems, and in typical classical and quantum systems the oscillation frequency increases with energy.
In this paper, we analyze and characterize the nonmonotonic behaviour of ω I ( ) for a massive scalar field, focusing mainly on a spherically-symmetric spacetime, but we obtain similar results around a Kerr black hole. We find the critical mass of the scalar fieldδ where the transition in behaviour happens: for lower masses the large-modes live the longest, whereas for larger masses the small-modes live the longest. Using the WKB approximation to analyze the QNM frequencies, we also find that ω I is closely related to the width of the effective potential in the QNM equations. We show that the width has a similar non-monotonic behaviour to ω I in the case of a massive scalar field. We also find that the presence of this inverted behaviour is common to a broader class of models and not only massive scalar fields. This paper is organized as follows. In Section II we introduce and discuss the massive scalar field equation. In Section III we use the WKB approximation to obtain analytical expressions in the large-limit for the QNM frequencies. We find the critical δ where ω I inverts its behaviour and discuss its observational consequences. In Section IV we study the geometrical properties of the effective potential in the QNM equations and show that the width of this potential causes the anomalous behaviour in ω I . In Section V we show that this anomalous behaviour happens for a range of potentials beyond a simple massive scalar field. Finally, in Section VI we summarize our findings and discuss their consequences. Throughout this paper we will be using geometric units, in which G = c =h = 1.
II. MASSIVE SCALAR FIELD
Scalar fields have been extensively studied in the context of quantum-gravity candidates (e.g. [18, 19] ), cosmology (e.g. as inflatons [20] , as dark matter [21] , or dark energy [22] ), and in the strong-field regime as fields modifying the BH spacetime geometry [23, 24] , or forming clouds through accretion or instabilities around BHs [25] [26] [27] .
One can go beyond simple scalar field actions and consider non-minimal interactions with the spacetime metric. These can lead to black hole hair (i.e. a stationary black hole spacetime differing from Kerr and Schwarzschild) [23, 28, 29] . However, in [30] it was argued that, in the presence of a cosmologically-relevant scalar field with second-order equations of motion that does not modify the propagation speed of gravitational waves (in agreement with GW170817 observations [31, 32] ), black holes have no hair and therefore black hole solutions are simply described by Kerr and Schwarzschild. In this context, [30] showed that the QNM for a massive scalar field Φ on a black hole spherically-symmetric spacetime will be determined by a Klein-Gordon-like equation:
where µ can depend on space and represents an effective mass term, and where = ∇ µ ∇ µ in the black hole spacetime. When the spacetime is spherically-symmetric, the line element is given by the Schwarzschild metric:
with f (r) = 1 − r s /r with r s = 2M the Schwarzschild radius.
In models with non-minimal interactions between the scalar field and the metric, the gravitational waves h µν of the spacetime metric will be a linear combination of those in GR and the scalar field solutions:
where α(r) is an effective parameter that is determined by the non-minimal coupling, and g µν is the Schwarzschild metric. In this scenario, the QNM spectrum that could potentially be observed is given by h µν and it would have components oscillating with the GR QNM frequencies, in addition to components oscillating with the scalar QNM frequencies.
Since eq. (1) turns out to describe the QNM modes in a range of scalar-tensor theories, we focus on solving this equation. For different models, µ(r) will take different forms as a function of r. For concreteness, we will consider the case where µ is a constant in most of this paper but, later, we will show our results hold in a wider range of situations.
On the spacetime (2), the solution to eq. (1) can be decomposed into spherical harmonics Y m as:
where ω m are the QNM frequencies which, in this case, are independent of m. The radial part of the scalar field satisfies the following equation:
where r * = r + r s ln(r/r s − 1) (hence dr * /dr = (1 − r s /r) −1 ) is the tortoise coordinate. Here, and onwards, we omit the explicit harmonic number dependence in ϕ and other quantities. The effective potential W is given by:
where σ = 1 − s 2 with s = 0 being the spin of the particle for the case of a scalar field. In order to find the QNM frequencies, one must find all the solutions of ϕ that satisfy purely ingoing boundary conditions at the BH horizon, and purely outgoing conditions at spatial infinity. This can be done numerically [12, 13] or semi-analytically [15] .
III. QNM WITH THE WKB METHOD
The shape of the potential, V , as function of the tortoise coordinate is illustrated in Fig. 2 , where we see that the potential
FIG. 2. General shape of V as function of tortoise coordinate. We indicate the height V (r * ) and width ∆r * of the potential near its maximum r * =r * , as these two quantities play a crucial role in determining the QNM frequencies.
tends to constant values at the horizon r * = −∞ and spatial infinity r * = ∞, and exhibits a maximum value at a finite distance.
The overall shape of V is generic for the problems we are considering and makes eq. (5) take the form of a Schrödinger equation with a potential barrier W . One can then apply the Wentzel-Kramers-Brillouin (WKB) method as it is used in quantum mechanics to obtain the QNM spectrum. In this case, the QNM frequencies are fully determined by the behaviour of the potential and its derivatives at its maximum value. Given that, it is convenient to expand the potential around its maximum in a Taylor series as:
where V (k) denotes the k-th derivative of the potential V with respect to the tortoise coordinate, evaluated at the maximum of the potentialr * . One can truncate this expansion to a given order to obtain a better approximation to the entire potential. The lowest orders have been found to give very accurate results for high-modes. In [33] [34] [35] the WKB approximation was studied up to 6th order in (7) , where it was found that the frequencies ω must satisfy a specific constraint in terms of V and the coefficients V (k) : (8) where N = n + 1/2 with n = 0, 1, 2, . . . the overtone number.
It is useful to define the function U such that:
where −2iU is given by the RHS of eq. (8), and can therefore be a complex number. The complex part of the QNM frequency, ω I , can then be expressed as:
where all the RHS must be evaluated at the maximumr * . Meanwhile, the real part of the frequency can be expressed as:
A. Eikonal Limit
The eikonal limit of the QNM expansion is given by the limit → ∞. It has been shown in the past [36] that this regime can be associated to the behaviour of null particles trapped on the unstable circular geodesic of spacetime, with ω R determined by the angular velocity at the unstable null geodesic, and ω I determined by the instability timescale of the orbit. The QNM then represent wave packets orbiting in the vicinity of the photon ring, slowly leaking out towards the event horizon as well as spatial infinity.
As previously mentioned, the behaviour of the potential at its maximum fully determines the QNM frequencies. This agrees with the null geodesic picture described above, as one can easily verify that the maximum of the potential in eq. (6) coincides with the photon ring radiusr ≈ (3/2)r s for → ∞. In this context, the QNM frequencies are associated to specific geometrical properties of the potential around the light ring. We illustrate this in the eikonal limit, where it is enough to use the WKB constraint in eq. (8) only up to second-order derivatives of the potential. In this limit we have
We can see from here that the QNM frequencies are solely determined by the maximum height of the potential, as well as its width around its maximum (see Fig. 2 ). Indeed, using the Taylor expansion to second-order derivatives, we identify the width of the potential when it has decayed from its maximum to εV (r * ) as (∆r * ) 2 ≈ 2(1 − ε)V /(−V (2) ). We can then rewrite eq. (12) as:
Note that for this approximation to be valid, ε cannot be too small so that the quadratic Taylor expansion of the potential remains valid. The fact that ω I scales inversely proportional to the width of the potential can be understood by invoking the aforementioned interpretation of QNM as wave packets orbiting the light ring. These waves must be able to tunnel through the potential barrier W in order to leak out. This tunneling rate is precisely what the WKB approach proposed in [33, 34] analyzes to obtain the QNM frequencies.
One can construct an interesting, but somewhat artificial, toy analogy: the quantum tunneling across a square barrier but in which the incident wave is forced to zero (reminiscent of no outgoing waves from the event horizon nor incoming from infinity). In that case, only a discrete set of, albeit complex, "energy" levels are permitted in which the imaginary part is indeed inversely proportional to the width of the barrier.
B. Inverted ω I behaviour
Going beyond the eikonal limit, from the potential V in eq. (6) we obtain that the maximum of the potential for large is at:r
where λ 2 ≡ ( + 1) and δ = µM, and the value of the potential at this position is approximately:
For the higher derivatives of the potential, we find that (except for V (2) ) only the leading terms when → ∞ are relevant in determining the QNM frequencies with eq. (8). The relevant expansions are then given by: 
In order to illustrate the overall behaviour of the QNM frequencies, we focus on the fundamental mode n = 0 from now on (higher overtones will exhibit similar characteristics). For this mode, we find that U can be approximated by:
and hence the complex part of the frequency is given by:
From this analytical expression we find that there is indeed a change in behaviour that happens for ω I ( ): there is a critical massδ = 137/29160 ≈ 0.06854, such that for lower masses |ω I | decays with , whereas for larger masses |ω I | grows with . For any value of , we can also use the WKB expression in eq. (8) and numerically obtain the QNM frequencies. Fig. 3 shows the numerical results for ω I as function of δ for different values of . We note that for large-values, there is one fixed critical massδ where curves cross over, but this is not the case for low . Indeed, moving beyond the sub-leading term in the eikonal expression for ω I , we can calculate the critical δ value for which the imaginary frequency of two QNMs with successive values are equal. That is, setting ω I = ω +1 I , we obtain the following expression forδ when using the WKB method:
We note that whilst the results presented so far in this paper have all been obtained using analytical or semi-analytical methods, the calculations are consistent with numerical methods. As an example, we compare to the numerical parameterization of QNMs given in [37] , whose results were obtained using high accuracy direct integration of QNM equations with generic power law additions to the potential. For the case of a massive scalar field, [37] obtainedδ = 0.071 when ω =2 I = ω =3 I , whereas we obtainδ = 0.072 using eq. (25). There is an even closer agreement when extending eq. (25) to further powers in 1/ .
For a slowly rotating Kerr black hole, we find the following expression forδ using the expressions of [15] for maximally co-rotating modes (those with m = ) by requiring that ω I = ω +1 I :
where a is the dimensionless angular momentum of the black hole, andδ 0 is the critical value for a Schwarzschild background (i.e. with a = 0). We thus find that the critical valuê δ increases with increasing black hole spin for these modes with = m. Moving beyond the slow rotation approximation, we see this behaviour persist for black holes with significant spin. For example, with a = 0.5 we find a hierarchy inversion occurs for δ ≈ 0.09 when calculating QNMs using Leaver's continued fraction method.
In order to understand better the consequence of the anomalous behaviour in ω I , let us notice that we can rewrite δ = r s /(2λ c ), where λ c is the Compton wavelength of the scalar. The transition then happens when r s ∼ 0.1λ c . For a solar mass BH, we will have a transition for λ ∼ 10km (or a scalar mass of µ ∼ 10 −10 eV). We also notice that for δ <δ we always have that |ω I | will be larger than that for Schwarzschild |ω (GR) I |. Therefore, in all the situations when the scalar QNM have an inverted behaviour in , the QNM of the metric will live longer, although the timescales are very similar (see Fig. 1 ). In addition, their quality factors, defined as Q ≡ |ω R /(2ω I )|, will also be very similar, with the Q of the scalar always being slightly larger than that of the Schwarzschild QNM. We thus conclude that it could indeed be possible to detect modes with the inverted behaviour, if the sensitivity of gravitational-wave detectors is enough to observe those in GR (assuming that the initial amplitude of both scalar and tensor modes is equally relevant, which must be verified modeling numerically the merger of compact objects in scalar-tensor theories) [38] .
We also notice that, for any given , the complex frequency decays with the scalar mass. This means that if the scalar is heavy enough, the scalar QNM modes may live considerably longer than the Schwarzschild ones, and they would dominate the gravitational wave signal. The red curve of Fig. 1 illustrates this for δ = 0.5. For even higher masses, ω I will eventually vanish, at which point these modes will disappear from the QNM spectrum [39] .
As also shown in Fig. 1 , we see that in the large-limit, the scalar ω I converges to the same value as in Schwarzschild, and becomes independent of δ (since the presence of the mass term µ in the effective potential W makes a sub-dominant contribution in the limit → ∞). Indeed, the QNM frequencies for the scalar field will have the same limit as the GR Schwarzschild's QNM:
for any overtone n.
Finally, we mention that this anomalous behaviour in ω I appears for higher overtones as well, although the critical scalar mass where the inverted behaviour starts will vary with n. Explicitly, we find that, for large ,
and thus the critical mass grows with n.
IV. POTENTIAL SHAPE
Let us assume we know exactly what the eikonal limit of the potential V is, and that only the sub-leading corrections to the potential and its derivatives are unknown. We can write the coefficients in the Taylor series of the potential in the largelimit as:
with V (0) = V (r), and where the coefficients v ka can be read off from eqs. (16)-(21) for n = 0. We then have:
From here we see that all the sub-dominant terms have a negative sign, which means that if both v 0b and v 2b are positive then ω I will always grow with larger , as is typically the case for most examples considered in the literature. However, in the case of a scalar field, v 2b can take negative values and dominate the entire sub-leading term, and eventually lead to an inverted behaviour in ω I ( ).
A necessary condition for the presence of the inverted behaviour in ω I is that there exists a δ (or any other free parameter in the potential V (r), in more general cases) such that:
We note that the number in the LHS of eq. (31) is crucial in determining where exactly the inverted behaviour happens. With the WKB approach we have found that this number depends on all the derivatives of the potential (up tho 6th order) at the maximum of the potential in the eikonal limit in a non-trivial way (see Appendix A for the full symbolic expression), which is the reason whyδ has an unnatural value. Indeed, we have verified that if the WKB taylor series is truncated to, for instance, second order in derivatives of the potential, one does not see the inverted behaviour in ω I ( ) as this number is not reproduced correctly. Equation (30) can be re-expressed in the following way:
where V and V (2) include their leading and sub-leading order terms when → ∞. This expression is a generalization of eq. (12) that now is valid beyond the leading order of the eikonal limit. Thus, we find the following relationship between the width of the potential and the complex frequency to sub-leading order:
This expression illustrates explicitly the fact that if the eikonal limit of the potential is known, then the only unknown quantity determining the behaviour of ω I is the width (∆r * ) 2 . The width is given by:
which contains a leading term fixed by the potential in the eikonal limit, as well as sub-leading terms that depend on the behaviour of the potential beyond the eikonal limit. For the case of the scalar field, the width will behave as:
from which we again see an inverted behaviour. We plot the potential for a couple of values of mass and in Fig. 4 . Here we see the shape of the potential in four cases. The potential is nearly symmetric as we are close to its maximum and the quadratic approximation holds. In the top panel we have the potential for δ = 0 and in the bottom panel for δ = 0.2. In both panels, the solid line corresponds to = 1 and the dashed line to = 5. We see that for δ = 0 the width grows with , whereas for δ = 0.2 the width gets smaller with . We note that this inversion in the behaviour of the width does not happen exactly at the same critical valueδ where ω I exhibits an inverted behaviour, due to the presence of the second term in the RHS of eq. (33). Nevertheless, the inverted behaviour of ω I is caused by the one in ∆r * .
V. OTHER POTENTIALS
Let us now generalize the potential V to
where V eff (r) can take different forms depending on the specific model we have in mind, although we assume that it is independent of (so that the eikonal limit of the potential is known). In this scenario, V eff crucially determines the behaviour of the potential in the sub-leading regime of the eikonal limit. In terms of the potential V eff , the criticality condition (31) can be rewritten as:
where these derivatives are with respect to r and evaluated at the minimum of the potentialr = 3r s /2. We note that the same critical condition given by eq. (37) can also be derived by calculating the QNMs using the analytic series expansion method of [40] and looking at the sub-leading term for ω I in the eikonal limit. Analytic expressions for the QNMs of massive scalar fields obtained through the series expansion method of [40] can be found in [15] . For a massive scalar field we have that
and therefore
, r 4 sV eff = 128 81 (39) and the condition in eq. (37) lets us recover
as before.
We can use the generic nature of the condition given by eq. (37) to probe how general a hierarchy inversion of imaginary frequencies can be. If we again use a scalar field as our starting point, we can imagine introducing a simple power law addition to the effective potential:
Now, we find that eq. (37) can be simplified into a condition for a critical valueα q :
We see that there is no defined critical value for q = 2, 5. The q = 2 case is unsurprising as this simply corresponds to a change in the effective value of each QNM. The special status of q = 5, however, is currently unclear. Examples of potentials with the form of eq. (41) include that of Einstein-dilaton-Gauss-Bonnet gravity, where perturbations to the dilaton field are sourced by the Kretschmann Scalar K of the background spacetime (for Schwarzschild, K = R µναβ R µναβ = 48M 2 r −6 ) [24, 41] .
We emphasize that this transition in the QNM is present also in more complicated models. In [42, 43] , the QNM of a massive vector field in a Schwarzschild black hole was analyzed (and for Kerr in [44] ). A massive vector field generically propagates three degrees of freedom, corresponding to the helicity-0 and ±1 modes. The QNM equations can be reduced to one equation of the form (5) for an odd-parity field, and two coupled equations of similar form for two even-parity modes. The odd-parity mode has the potential in eq. (6) with σ = 0 (and hence V eff = µ 2 ). In this case, there is no mass µ for which the critical condition (37) is satisfied and therefore this mode does not present the inverted behaviour in ω I ( ), which agrees with the numerical results found in Fig. 1 of [43] . Regarding the two even-parity modes, one of them corresponds to a 'scalar' wave that has a non-vanishing monopole = 0 component. This mode is found to have an inverted behaviour in [43] . Meanwhile, the 'vector' even-parity mode does not exhibit such an inverted behaviour.
The QNM of a massive spin-2 particle in a Schwarzschild black hole has been analyzed in [45] . In this case, there is a total of five degrees of freedom, corresponding to all the possible helicities. The odd-parity sector will have two coupled degrees of freedom (associated to a vector and tensor mode), and the even-parity sector will have three coupled degrees of freedom (a scalar, vector, and tensor mode). Due to the difficulty of the equations, [45] analyzed only the QNM for the odd sector where no inverted behaviour was found. Whether this behaviour emerges in the even sector where the 'scalar' mode appears is beyond the scope of this paper and remains to be seen.
VI. CONCLUSIONS
In this paper we have explored the QNM of a massive scalar field. Both in the case of a Schwarzschild and Kerr black hole, we have found that the complex part of the QNM frequencies ω I , which determines the timescale in which these modes decay, has an intriguing behaviour as a function of the spherical harmonic number . In particular, we found that there exists a critical mass of the scalar field such that for lower masses |ω I | decays with larger , contrary to most cases studied in the literature. On the other hand, for larger masses, |ω I | grows with larger and the standard behaviour is recovered.
Using the WKB method in the case of Schwarzschild, we found that ω I is closely related to the width of the effective potential in the QNM equations, which exhibits the same anomalous behaviour as ω I . Indeed, QNM can be interpreted as wave packets orbiting in the vicinity of the photon ring of the black hole, slowly leaking out towards the event horizon as well as spatial infinity. In order for this to happen, these waves must be able to tunnel through the effective potential that acts as a barrier. A simple analogous toy model of quantum tunneling shows that the energy of the system indeed takes discrete, albeit complex, "energy" values in which the imaginary part is inversely proportional to the width of the barrier, as we have found for the QNM of the massive scalar field.
While we have identified the feature of the potential -its width -that dictates how ω I behaves and shown how it also undergoes a transition at a particular value of δ , the underlying reason for this transition remains to be understood. Given the simplicity of the set up, the best way forward will be to construct analogous examples that may shed more light on the phenomenon. Interestingly, we have found evidence that this transition to the anomalous behaviour occurs in other physical situations. An open question is whether this phenomenon is generic for the zero helicity components of any massive field. Often these modes arise coupled to other degrees of freedom and are difficult to disentangle (vide the case of spin-2 fields studied in [45] ) and thus more work needs to be done in streamlining such calculations.
Finally, we emphasize that if a massive scalar field has a non-minimal coupling to the metric, then the scalar QNM will leak to the QNM of the spacetime metric and become potentially observable. Indeed, we showed that if a gravitational wave detector has the sensitivity to detect the standard QNM of a Schwarzschild black hole, then it should also detect the scalar QNM provided they are present and that the initial amplitude of both scalar and tensor modes are equally relevant, which must be verified modeling numerically the merger of compact objects in scalar-tensor theories in the future.
